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Abstract 

It is shown that, given any finite set of pairs of random events in a Boolean algebra which are 
correlated with respect to a fixed probability measure on the algebra, the algebra can be extended 
in such a way that the extension contains events that can be regarded as common causes of the 
correlations in the sense of Reichenbach's definition of common cause. It is shown, further, that, 
given any quantum probability space and any set of commuting events in it which are correlated with 
respect to a fixed quantum state, the quantum probability space can be extended in such a way that 
the extension contains common causes of all the selected correlations, where common cause is again 
taken in the sense of Reichenbach's definition. It is argued that these results very strongly restrict 
the possible ways of disproving Reichenbach's Common Cause Principle. 



1 Informal statement of the problem 

Reichenbach's Common Cause Principle and the mathematically explicit notion of common cause 
formulated in terms of random events and their probabilities goes back to Reichenbach's 1956 book 
(PH], Section 19). Both the Common Cause Principle and the related concept of common cause 
have been subjects of investigations in a number of works, especially in the papers by Salmon ([Q, 
@. 0), by Fraassen (g, @, |24|), by Suppes and Zanotti ((20), Q), by Cartwright g and 
by Spohn [hg. It seems that there is no general consensus as regards the status of the Common 
Cause Principle and its relation to the notion of common cause. We do not wish to evaluate here 
the relative merits of the different analyses of the Principle and its relation to the common cause 
notion; nor do we aim at a critical comparison of the different suggestions as to how best to specify a 
technical notion of common cause. Rather, we take the notion of common cause as it was formulated 
by Reichenbach himself, and we investigate the following problem, raised first in [^. Let be 
a classical probability space, i.e. 5 be a Boolean algebra of random events and be a probability 
measure on 5. Asssume that {{Ai,Bi) | i G 7} is a set of pairs of events in 5 that are statistically 
correlated with respect to fi: ^(AiBi) > fi{Ai)fi{Bi) (i £ I), and assume, further, that S does not 
contain events d that can be considered the common causes of the correlation between Ai and Bi, 
where common cause is taken in the sense of Reichenbach's definition fill. Section 19 (recalled in 
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Section g below). The problem is whether the probability space (5,//) can in principle be enlarged in 
such a way that for each correlated pair {Ai, Bi) there exists a common cause d of the correlation in 
the larger probability space (5', /x'). If the probability space {S,jj,) is such that for every pair {Ai, Bi) 
in the set of correlated pairs {{Ai,Bi) \ i £ 1} the space (5,/i) can be enlarged in the said manner, 
then we say that (5, ^) is common cause completeable with respect to the given set of correlations (see 
the Definition ^ in Section ^ for a precise formulation). We shall prove that every classical probability 
space (<S, /i) is common cause completeable with respect to any finite set of correlations. (Proposition 
^ in Section ^) . That is to say, we show that given any finite set of correlations in a classical event 
structure, one can always say that the correlations are due to some common causes, possibly "hidden" 
ones, i.e. ones that are not part of the inital set 5 of events. 

Reichenbach's Common Cause Principle is the claim that if there is a correlation between two 
events A and B and a direct causal connection between the correlated events is excluded then there 
exists a common cause of the correlation in Reichenbach's sense. We interpret Proposition 1 as saying 
that Reichenbach's Common Cause Principle cannot be disproved by displaying classical probability 
spaces that contain a fnite number of correlated events without containing a Reichenbachian common 
cause of the correlations - the only justifiable conclusion one can draw is that the event structures in 
question are common cause incomplete. 

Statistical correlations also make sense in non-classical probability spaces (£, 0), where £ is a non- 
distributive, orthomodular lattice in the place of the Boolean algebra S, and where is a generalized 
probability measure ("state") defined on C, taking the place of fi. Such non-classical probability 
spaces emerge in non-relativistic quantum mechanics and in relativistic quantum field theory. In 
these theories C is the non-Boolean, orthomodular von Neumann lattice ViM) of projections of a 
non- commutative von Neumann algebra M determined by the observables of the quantum system. 
One of the difficulties in connection with interpreting quantum theory is the alleged impossibility 
of existence of common causes of the correlations in those quantum event structures. Note that 
it is not quite obvious what one means by a common cause in a quantum event structure because 
Reichenbach's original definition of common cause was formulated in terms of events in a classical, 
Kolmogorovian probability space, and the definition also makes essential use of classical conditional 
probabilities, which do not make sense in general in non-commutative (quantum) probability spaces. 
In fact, the definition of common cause in the literature analyzing the problem of common cause 
of quantum correlations is quite different from the Reichenbachian one: typically the definition is 
formulated in terms of hidden variables rather than in terms of events, and it also makes (more or 
less tacitly) the extra assumption that the hidden variables are common common causes (see below). 
In this paper we wish to retain all features of Reichenbach's original definition while applying it to 
quantum correlations, and we do this by requiring explicitly the common cause to commute with 
the events in the correlation. Having thus obtained a definition of common cause in quantum event 
structures (see Definition |^ in Section ^) we define {V{A4), <j)) to be common cause completeable with 
respect to a given set {{Ai,Bi) | i £ /} of pairs of (commuting) correlated events in VIM) if the 
probability space {V{M), (j)) can be enlarged in such a way that each of the correlations has a common 
cause in the enlarged non-classical probability space ('P(AI'), 0') (see the Definition |^ in Section ^ for 
a precise formulation). We shall prove that every {V{M),(j)) is also common cause completeable with 
respect to the complete set of elements that are correlated in a given quantum state 4> (Proposition |^ in 
Section^. Proposition ^ allows us to conclude that Reichenbach's Common Cause Principle cannot 
be disproved even by finding quantum probability spaces that contain correlated events without 
containing a Reichenbachian common cause of the correlations; the only justifiable conclusion one can 
draw is that the quantum event structures are common cause incomplete - just like in the classical 
case. This conclusion seems to be in contradiction with the standard interpretation, according to 
which quantum correlations cannot have a hidden common cause. In Section we localize the reason 
of this "contradiction". The essential point we make is that the standard arguments showing the 
impossibility of existence of a common cause of quantum correlations assume that a common cause is 
a common common cause, an assumption, we claim, is not part of Reichenbach's notion of common 
cause. In Section ^ we formulate a couple of open questions concerning the notion of common cause 
completeablity. 



2 Reichenbach's notion of common cause 

Let is, fi) be a classical probability space, where 5 is the Boolean algebra of events and /i is the 
probability measure. If the joint probability iJ.{A A B) of A and B is greater than the product of the 
single probabilities, i.e. if 

m(^AB) >K^)KB) (1) 
then the events A and B are said to be (positively) correlated. 
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According to Reichenbach (jl^], Section 19), a probabilistic common cause type explanation of a 
correlation like (|l|) means finding an event C (common cause) that satisfies the conditions specified 
in the next definition. 

Definition 1 C is a common cause of the correlation if the following (independent) conditions 
hold: 

h{AaB\C) = fj.{A\C)fi{B\C) (2) 
fiiAAB\C-^) = fi{A\C^)ii{B\C^) (3) 
^i{A\C) > KA\C^) (4) 
ti{B\C) > KB\C^) (5) 

where fi{X\Y) = fi{X AY) / fi{Y) denotes the conditional probability of X on condition Y, denotes 
the complement of C and it is assumed that none of the probabilities fJ.{X), {X = A, B,C,C^) is 
equal to zero. 

We shall occasionally refer to conditions (|2|)-(^ as "Reichenbach (ian) conditions". 
Reichenbach proves the following 

Theorem Conditions (^-(^ imply that is to say, if A, B and C are such that they satisfy 
conditions (^-(^, then there is a a positive correlation between A and B m the sense of (j^. 

Some remarks and terminology: 

(i) We emphasize that, from the point of view of the explanatory role of C as the common cause of 
the correlation, each of the independent conditions (^)-(^) is equally important. For instance, 
the mere fact that an event C satisfies and (^) only, i.e., the fact that C is statistically relevant 
for both A and B, is not sufRcient for C to be accepted as an explanation of the correlation, since 
statistical relevance in and by itself is not sufficient to derive the correlation (^). This remains 
true even if, in addition to statistical relevance, we assume either fi{A \ C) = fi{B \ C) — 1, or 
C A A B, since can still fail, and again (|l|) cannot be derived. 

(ii) Taking either A or _B as C, the four conditions (^)-(P) are satisfied. This means that Reichen- 
bach's definition accomodates the case when there is a direct causal link between the correlated 
events. To put this negatively: as it stands, Reichenbach's definition does not distinguish be- 
tween direct causal influence between the correlated events and the correlation caused by a 
common cause. Reichenbach's definition does not exclude the following sort of common cause 
either: C ^ A and/or C / B but 

{C <Aor C> A) and /^(C) = ^{A) (6) 

and/or 

{C < B or C> B) and /i(C) = fi{B) (7) 

Such a C is a common cause in the sense of the Definition |l| but such a C should not be regarded 
as a meaningful common cause because C is identical with A and/or _B up to a probability-0 
event. If C is a common cause such that none of ^ and (^) holds then we shall say that C is a 
proper common cause, and in what follows, common cause will always mean a proper common 
cause unless stated otherwise explicitly. 

(iii) It can happen that, in addition to being a probabilistic common cause, the event C logically 
implies both A and B, i.e. C C A A -B. If this is the case then we call C a strong common cause. 
If C is a common cause such that C g A and C ^ B then C is called a genuinely probabilistic 
common cause. 

(iv) A common cause C will be called deterministic if 

ii{A\C)= 1 =ii{B\C) 
li(A\C^)= =ii(B\C^) 

Note that the notions of deterministic and genuinely probabilistic common cause are not negations 
of each other. There does not seem to exist any straightforward relation between the notions of 
deterministic, genuinely probabilistic and proper common causes so defined. 

Next we wish to determine the restrictions imposed on the values of the probabilities /i(C), /i(AjC), 
^{A\C^), ^{B\C) and ^(B\C^) by the assumption that the correlation between A and B has C as 
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a common cause. If we assume that there exists a common cause C in (S, y,) of the given correlation 
^.{A A B) > n[A)fi{B) then, using the theorem of total probability 



we can write 



(8) 
(9) 
(10) 

(11) 

(|ll|) follows from (0) because of the screening off equations (^-(^). So the assumption of a common 
cause of the correlation between A and B implies that there exist real numbers 



li{A) = fi{A\C)ii{C)+ii{A\C^){l-ii{C)) 

= KB|C)m(C)+KS|C^)(1-m(C)) 

h{AaB) = ti{AA B\C)ti{C) + ti{AA B\C^){1- fj.{C)) 

= m(^1C)m(b1C)m(c) + m(^|c^)m(b1c^)(i - 



satisfying the following relations 



(12) 
(13) 
(14) 

rc) (15) 
(16) 
(17) 
(18) 

Conversely, given a correlation ij.{A A B) > fj,{A)jj.{B) in a probability space {S,jj,), if there exists an 
element C in 5 such that 






< 


rA\c,rB\c,rA\c-^^'rB\c-^ < 1 


^^{A) 




rA\crc + '^a|C-l(1 - rc) 


l,{B) 




rB\crc + 7's|c^(l - rc) 


^I{AAB) 




rA\crB\crc + '"aIc^'^sIC-l (1 





< 


rc <1 


rA\c 


> 


rA\c->- 


rB\c 


> 


rB\c->- 



KC) = rc 

y.{A\C) = rA\c 

f^{A\C^) = r^ie^ 

m(B|C) = rB\c 

i^{B\C^) = r^ic^ 



(19) 
(20) 
(21) 
(22) 
(23) 



and the numbers rc r 4|c, »"b|Cj '"a|c^ i '"s|c-i- satisfy the relations (p^)-(p^, then the element C is a 
common cause of the correlation in Reichenbach's sense. 

Proposition 1 Given any correlation ii(A A B) > jj.{A)fi{B) m (5, y) there exists a non-empty two 
parameter family of numbers 

rc{t, s),rA\c{'t, s),rB\c{t, s),rA\c-^- (*. s),rg\c-^ s) 

that satisfy the relations 

Proof: Consider the system of 3 equations (p^)-(p^ with t = rA\c a^nd s = rB\c as parameters. One 
can then express rc, r^^Qi 



rc = 



and from equations (p^-(p^) as follows. 

^1 {A A B) - ^1 (A) (B) 



(m (A) - t) (m {B)-s)+^l{AAB)~^, {A) ^ {B) 
^j,{A)-t ii{AaB)- fi(A)s 



rc 
l,{B)~ 



+ s ■ 



m(B)-s 
fi(AAB)- n{B)t 



(24) 
(25) 
(26) 



Using the equations (|24| 
bounds 



rc li{A)-t 
|26|) it is easy to verify that choosing the two parameters t, s within the 



1 > t 
1 > s 



■ rA\c > 
rB\c > 



fj^{A_AB) 

KB) 
fijAAB) 

m(^) 



(27) 
(28) 
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the conditions (p^-(p^) are satisfied. 

As the above proposition shows, the Reichenbach conditions allow, in principle, for a number of 
different common causes, each characterized probabilistically by the five real numbers rc, J'aic; ^s|Ci 
r^l(-.i, rg^Q±_ satisfying the relations (p^-(p^. Given a correlation ii{A /\ B) > we call a 

set of five real numbers rc, rA\Ci ^b\Cj '~a|c^i ^b\c-'- admissible if they satisfy conditions (p^-([l^). 

Definition 2 A common cause C of a correlation fj,{A A B) > jj,{A)^{B) is said to have (be of) 
the type {rc,rA\c,i^B\c,^A\c-i^B\i2Jj-) if these numbers are equal to the probabilities indicated by the 
indices, i.e. if the equations ^Ijy-jSSD hold. 

3 Common cause completeability — the classical case 

Given a statistically correlated pair of events A, _B in a probability space (5,/i), a proper common 
cause C in the sense of Reichenbach's definition does not necessarily exist in 5. (For instance the 
set of events might contain only I, A, B and their orthogonal complements and hence be too small to 
contain a proper common cause.) If this is the case, then we call (5,/x) common cause incomplete. 
The existence of common cause incomplete probability spaces leads to the question of whether such 
probability spaces can be enlarged so that the larger probability space contains a proper common 
cause of the given correlation. What is meant by "enlargement" here is contained in the Definition 
^ below. Before giving this definition recall that the map h: Si S2 between two Boolean alge- 
bras Si and 52 is a Boolean algebra homomorphism if it preserves all lattice operations (including 
orthocomplementation) . A Boolean algebra homomorphism h is an embedding if X ^ Y implies 
h{X) / h{Y). 

Definition 3 The probability space {S',n') is called an extension of{S,n) if there exists a Boolean 
algebra embedding h of S into S' such that 

ti{X) ^ li'{h{X)) forallXeS (29) 

This definition, and in particular the condition (|2^), implies that if {S'fi') is an extension of (5, n) 
(with respect to the embedding h), then every single correlation /x(A A B) > ^(A)p(_B) in (5,/i) is 
carried over intact by h into the correlation 

fi' {h{A) A h{B)) = tJ,{h{AAB)) = fi{AAB) > ti{A)ti{B) = ti'{h{A))ti'{h{B)) 

Hence, it makes sense to ask whether a correlation in (5,/i) has a Reichenbachian common cause in 
the extension (5', pi'). So we stipulate 

Definition 4 We say that {S' , fj,') is a type (rc, r^icj ^b|Ci ^a|c^ i ^s|c-i- ) common cause completion 
of (5,/i) with respect to the correlated events A,B tf{S'jj,') is an extension o/(5,pi), and there exists 
a Reichenbachian common cause C E S' of type (rc, r^ici ^s|c> ^a\c^ j''"b\c^) of the correlation 
fi'{h{A) A h{B)) > ti'{h{A))fi'{h{B)). 

Definition 5 Let (5,/i) be a probability space and {{Ai,Bi) \ i £ 1} be a set of pairs of correlated 
events inS. We say that {S , ji) is common cause completeable with respect to the set {{Ai,Bi) | i € /} 
of correlated events tf, given any set of admissible numbers (rc, r^ici '"b|C' '"a|c^ ' '"s|C^ ) every 
i £ I, there exists a probability space {S' , such that for every i £ I the space {S' , fi') is a type 
(^Ci''A|c,f"s|C'^A|c^'^s|C^) common cause extension of{S,n) with respect to the correlated events 
A„Bi. 

Proposition 2 Every classical probability space {S,n) is common cause completeable with respect to 
any finite set of correlated events. 

Proof: Let {{Ai, Bi) \ i = 1,2 . . . N} be a finite number of correlated pairs. We prove the statement 
by induction on the index i. We prove first that given the single pair {Ai,Bi) = {A,B) of corre- 
lated events in (5,/x) and any admissible numbers (rc, rA|c, ^s|c, '"a|c^ 1 ^s|C^ ) there exists a type 
{i'c,rA\Cyi^B\Cyi^A\c^^^B\c^) commou cause completion of (5,/i) with respect to {A,B). We prove 
this statement in two steps. In Step 1 we construct an extension (5',/i') of (5,^). In Step 2 we show 
that given any admissible numbers, the probability measure /i' can be chosen in such a way that there 
exists a proper common cause in S' that has the type specified by the admissible numbers. Finally, 
we shall argue that if {S"~^ , fj,"~^) is a common cause completion of (5,/x) with respect to the set of 
n — 1 correlations between Ai and Bi (i = 1, . . . n — 1), then there exists a common cause completion 
of (5,/i) with respect to the n correlations. 
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Step 1 By Stone's theorem we may assume without loss of generahty that 5 is a field of subsets 
of a set n. Let Qi and ^2 be two identical copies of Q, distinguishable by the indices 1 and 2, and 
let Si and 52 be the corresponding two coopies of 5: 

Q^ = {{x,i) \ xeQ} 1 = 1,2 

5« = {{(x,i) \ xex} \ xes} i = i,2 

Let hi (j = 1, 2) denote the Boolean algebra isomorphisms between 5 and Si (i = 1, 2): 

S 3 X h,{X) = {{x,i) \ xeX} i = l,2 

Furthermore, let S' be the set of subsets of Qi U SI2 having the form hi{X) U h2{Y), i.e. 

S' = {hi{X) U h2(Y) I X,YeS} 

We claim that S' is a Boolean algebra of subsets of fli U 5^2 with respect to the usual set theoretical 
operations U, n, _L and that the map h defined by 

h(X) = hi{X) u hiix) X e 5 (30) 

is an embedding of S into 5'. To see that S' is a Boolean algebra one only has to show that S' 
is closed with respect to the set theoretical operations of join, meet and complement, and this is a 
straightforward consequence of the fact that 5, itself being a Boolean algebra with respect to the 
set theoretical operations, is closed with respect to these operations. Checking the homomorphism 
properties of /i is a routine task. 

We now define a measure /i' on S' that has the property (pj]). Let ri {i — 1, 2, 3, 4) be arbitrary 
four real numbers in the interval [0, 1]. One can define a /x' measure on S' by 

^l' {hi{X) u h2{Y)) = riii{Xn{AnB)) + r2fi{Xn{AnB^)) 

+r3tJ,{X n {A-^ n B)) + rAii{X n (A^ n B^)) 

+(1 - ri)Ai(F n (A n B)) + (1 - r2)^i{Y n (A n B^)) 

+(1 - r3)M(V n [A^ n B)) + (1 - ^i)^i{Y n [A^ n B^)) 

Since Ar\ B,Ar\ B^ ,A^ n B and A^ n B^ are disjoint and their union is 57 it follows that 

U h2{X)) = fi'{h{X)) = fi{X) X es 

Hence (S'/i') is indeed an extension of the original probability space (5,^). 

Step 2 Choose any value of the parameters t,s within the bounds specified by (p^)- (p8|), and 
consider the corresponding numbers r^ic ~ *i ^b\c = s and »"c, '■yi|c-i- 1 '"s|c-i- 1 the latter ones defined 
by (p^-(|2^). We claim that the probability space {S',fi') constructed in Step 1 is a common cause 
extension of (5,/i) of type (r'c, ''a|Ci ^-B|Cj '"a|c^ > ^s|C^ ) with respect to the correlation between A 
and B, if the numbers rt {i = 1, 2, 3, 4) defining /i' by the formula are given by 



ri 



r2 = 



r4 



'••crA|c(l - rB\c) 
fi{A)- h{AaB) 
rcrA\ci'B\c 
ijL{A A B) 

rcrB\ciX - rA\c) 
H{B) - ^i{AaB) 

rc(l - r^ic - rB\c + ^A|crfl|c) 



To show that (5', is a common cause completion of (5, /i) one only has to display a proper common 
cause C in 5' of the correlation. We claim that C = /ii(f2)U/i2(0) is a proper common cause. Clearly, 
C is a proper common cause if it is a common cause. To see that C is a common cause indeed one 
can check by explicit calculation that the following hold 



fi'{{hi{A)uh2{A))\{hi{n)uh2{ 

fi'iihj{B)Uh2{B))\{hi{n)Uh2{ 
fi'{ihi{A) U h2{A))\[hi{n) U /i2(0) 
p'((/ii(B)U/i2(B))l[fti(t7)U/i2(0) 



rc (31) 

rA\c (32) 

rB\c (33) 

rA\c^ (34) 

^■sic^ (35) 
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Since the numbers ^aici ^s|C! ^c, '"a|c^ > '"s|c-i- were chosen so that they satisfy the conditions (|l2|)- 
(p^, C is indeed a common cause. 

Assume now that there exists a common cause completion (5"~^,/i"~^) of (S,y?) that contains 
a common cause d of each correlation yL{Ai A Si) > ^i{Ai)^{Bi) (i = 1, . . . n — 1). Consider the 
correlation between An and i3„. By repeating the two steps (Step 1-Step 2) one can construct a 
common cause completion (5", /i") of (iS"~^, that contains a common cause C„ of the correla- 

tion between An and Bn- To complete the induction one only has to see that (iS",/i") also contains 
common causes of each of the correlations between hn{Ai), hn{Bi) {i — 1, . . .n ~ 1), where /i„ is the 
Boolean algebra embedding of 5"~^ into 5". But hn{Ci) (i = 1, 2 . . .) are clearly common causes of 
the correlations between hn{Ai), h„{Bi) {i = 1, . . . n — 1) because h„ is a homomorphism preserving 



4 Common cause completeability — the quantum case 

Statistical correlations also make sense in non-classical probability structures where £ is a 

non-distributive lattice of events and (jiis a, generalized probability measure ("state") on C Such non- 
classical probability spaces arise in quantum theory, where £ is the non-distributive, orthomodular 
lattice of projections 'P(AI) of a non-commutative von Neumann algebra M determined by the set 
of observables of a quantum system (for the operator algebraic notions used here without definition 
see eg. Q, [^].) A map (fiiViAd) — » [0, 1] on such an event structure is called a state if it is additive 
on orthogonal projections in the following sense: 

(p{y^P^) = 4>{P^) P^-LPj i + j 

i 

A positive, linear functional on a von Neumann algebra M is called normal state if its restriction to 
the lattice of projections is a state (i.e. it is additive) in the above sense. The restriction of a normal 
state to a Boolean sublattice of 'P(A^) is a classical probability measure, so normal states are the 
analogues of classical probability measures. If M acts on the Hilbert space Ti., then a normal state 
is always of the form (j){X) = Tr{WX) with some density matrix W. We call a pair ('P(A^), <j}) with 
a normal state a quantum probability space. Two commuting events A,B in & quantum probability 
space {'P{M),<j)) are called (positively) correlated if 

4>(Aab) > 0(A)0(B) 

Given a correlation in a quantum probability space, we may want to ask if there is a Reichenbachian 
common cause in 'P{A4) of the correlation. By a Reichenbachian common cause we mean a C £ 'P(AI) 
which commutes with both A and B and satisfies the Reichenbachian conditions (^)-(^). To be explicit 
we stipulate the following 

Definition 6 The event C G P{A4) is a common cause of the correlation ^d^) between two commut- 
ing events A,B in a quantum probability space ['P{M),(f)) if 

1. C commutes with both A and B; 

2. the following four conditions (analogous to ^)-^) are satisfied 

(t>{AABAC) 
W) 
(t){AABAC-^) 

cj>{A A C) 

HC) 

(P{B A C) 

Similarly to the classical case, a common cause C is called proper if it differs from both A and B by 
more than a 4>-measure zero event. 

Having this definition, we can define the type of the common cause in a quantum probability 
space exactly the same way as in the classical case, and we can also speak of admissible numbers 
etc. Just like a classical probability space, a quantum probability space {V{M),4') niay contain a 
correlation without containing a proper common cause of the correlation in the sense of Definition 
kI If this is the case, then we call the quantum probability space common cause incomplete, and 



<t){AAC) <t){BAC) 

0(C) (p{C) 
<f){AAC^) <f){BAC^) 

<f){AAC^) 

(t){BAC^) 
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we may ask if the quantum probability space can be enlarged so that the enlarged space contains a 
proper common cause. What is meant by "enlargement" is specified in the next definition, which is 
completely analogous to the Definition bI 

Definition 7 The quantum probability space (V{M'),4>') is an extension of the quantum probability 
space {'P{A4),(f)) if there exists an embedding h of'P{A4) into 'P{A4') such that 

0'(/i(X)) = (j}{X) for all X G P{M) 

By an embedding is meant here a lattice homomorphism that preserves all lattice operations (including 
the orthocomplementaion) and such that X ^ Y implies h{X) 7^ h{Y). 

Definition 8 We say that {V^M'),^)') is a type (rc, j^aiCi '"siCi '"aic-'- 1 '"s|c-i- ) common cause com- 
pletion of {'P{M),4)) with respect to the correlated events A,B if {V{M'),4>') ts an extension of 
{V {A4) , 4>) , and there exists a Reichenbachian common cause C £ ViAd') of type (rc, ta\Ci '<'b\c, 
rA\c^, rB\c^) of the correlation (l>'{h{A) A h{B)) > 4>' {h{A))(t)' {h{B)) . 
We can now give the definition of common cause competeability in the quantum case: 

Definition 9 Let {V{M), ^j.) be a quantum probability space and {{Ai,Bi) \ i £ 1} be a set of 
pairs of correlated events in V{M). We say that {V{M),(f>) is common cause completeable with 
respect to the set {{Ai,Bi) | i £ /} of correlated events if, given any set of admissible numbers 
('"Ci ^A|C' ^s|C' ^A|c^ ' '"b|c^ ) every i £ I, there exists a quantum probability space {V{M'),(j)') 
such that for every i £ I the space {V {M' ) , (j}' ) is a type (j'ci ^A|Ci ^b|C' '~a|c^ ' ^s|c-i- ) ^^ommon cause 
extension of {'P(M),(f>) with respect to the correlated pair {Ai,Bi). 

Proposition 3 Every quantum probability space {'P{A4),<f)) is common cause completeable with re- 
spect to the set of pairs of events that are correlated in the state cj>. 



Proof: The proof is divided into two parts. In the first part we construct an extension of the 
quantum probability space {V{M),(j)), this is done in two steps. In Step 1 the quantum probability 
space {V{M),(j)) is embedded into the quantum probability space {V{TL (B'H),(j)2) with a suitable 
state (j)2 extending (f>, where Ti is the Hilbert space the von Neumann algebra M is acting on. In Step 
2 this latter quantum probability space is embedded into ('P('W'), 0'), where TL' is a Hilbert space 
constructed explicitly. We show in the second part of the proof that for any correlated pair [A, B) 
in (V{M),(j>) and for any admissible set of numbers there exists in (P(7i'), </>') a Reichenbachian 
common cause of type defined by the admissible numbers. 

Step 1 We may assume without loss of generality that M is acting on a Hilbert space TL. Let HOTi. 
be the direct sum of Ti with itself and consider the map /12 defined by 

v{M) BX^-*h2{x) = x®x e r{H e h) 

Then /12 is an embedding of ■p(7Vf) as an orthomodular lattice into the orthomodular lattice ViTL^BTi.). 
Let <j)2 be a state defined onV{H ® H) by the density matrix © |W, where W is the density 
matrix belonging to 0. Clearly, <^2 has the property 

Mh2ix)) = 4>{x) xer{M) 

So the probability space {'P{TL ® Ti.), 4>2) is an extension of [V {Ai) , (f>) ■ Since every density matrix is 
a convex combination of (possibly countably infinite number of) one dimensional projections, there 
exist vectors ipk & {H (B Ti.) and non-negative numbers Xk (fc = 1 . . .) such that = 1 and 

00 

k 

(Here, and in what follows, denotes the projection to the one dimensional subspace spanned by 
the Hilbert space vector ^.) 

Step 2 Let Ti' be the set of functions g: N i—> Ti. (B Ti such that sitj3„|| (;(n) II2 < 00, where ||^||2 is 
the norm of ^ € Ti. (BTC. Then the set Ti' is a complex linear space with the pointwise operations 
{{kiQi + K2<72)(?^) ~ /ti(7i(n) + K2g2{n)). It is elementary to check that Ti' becomes a Hilbert space 
with the scalar product {, )' defined by 

00 

(31,52)' = ^Xk{giik),g2{k))2 
fc=i 



8 



where {,)2 is the scalar product in 7i © 7i and the numbers Afc are taken from (pfij). The map 
h': B{H ®H)^ B(H') defined by 

{h'{Q))g{n) = Q{g{n)) neN,gen' 

is an algebra homomorphism from the algebra B{H © TL) of all bounded operators on 7i © 7i into 
the algebra B{H') of aU bounded operators on Ti.'; furthermore, h{Qi) ^ h2{Q2) if Qi / Q2, and 
a routine reasoning shows that if Qn G Biji, © Ti) is a sequence of operators such that for some 
Q G © we have ^ for aU ^ G H © H, then {h'{Q„))g h'{Q)g for all 3 G H'. This 
means that h' is continuous in the respective strong operator topologies in B{T-t © TL) and B{Ti.'). It 
follows that if A, B are two projections in 'P{Ti. © Ti.), then 

/i'(AAB) = /i'(s-lim(^B)") =s-lim(/i'(ylB)") = s-lim(/i'(A)/i'(B))" 
= /i'(^)A/i'(B) 

It follows then that the restriction of h' to 'P(7i©7i) is an embedding of P(7i©7i) as an orthomodular 
lattice into the orthomodular lattice ViTL'). Let {1 = 1,... dim.{Ti. © Ti.)) be an orthonormal basis 
inTiOTi. Then the elements gki G Ti' defined by 



9ki(n) 



if Afc = 



form an orthonormal basis in Ti' . {S„k denoting the Kronecker symbol.) The linear operator W' on 
Ti' defined by 

{W'g){n) = \^P^„g{n) neN, geTi' 

is easily seen to be a density matrix, hence it defines a state 0' on P(7i'). For A G T-'{Ti(BTi) we have 

^'{h'(A)) = Tr{W'h{A)) = y^ V {g,i,W'hiA)guy 



k=l 1=1 



00 dim{H®T-i) oc 



A„{3fci(n), [W'h{A)gui]{n))2 

00 dim(H®H) oo 



= x„{Snk-^^iXnPi,„A^=^i)2 

fe = l i = l n = l ^ ^ 

fe=l i=l 
dim{'H®H) oc 

i=i fe=i 

So {V{Ti'),(f>') is an extension of the quantum probability space {T'iTi ®Ti),4>2). It follows that 
{V{Ti'),4>') is an extension of the probability space {T'[M),(j)), where the embedding h:T^{M) —> 
T^{Ti') is given by h' o h2. 

We now claim that for any given pair of events {A,B) in V[M) that are correlated with re- 
spect to (j> and for any given set of admissible numbers (re, rA|c, 7's|c, t'aic-'- ) '"sjc^ ) the probability 
space (T'iTi'), 4>') constructed above contains a proper Reichenbachian common cause C of type 
{'rc,rA\c,rB\c,rj^\c^^'^B\c^) of the correlation. 

Indeed, given the numbers (re, taic, ?"fl|C) '"a|c^ > '"s|c^ )i the event C defined below by ( ^ ) is a 
common cause of type (rc,rA|c,''B|c,rA|ci,'^s|c^)- 

C = Pq V V V P5 (36) 
where Pa, Pp, P-y and Ps are projections in T'iTi') defined by 



iPag){k) = Pa.gik) 

TfW, = p^^^^S k^N,g^Ti' 

{P^g){k) = P^,5(fc) 

(P,fl)(fc) = Ps.gik) 
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where Pa^, Pp^, Pj^ and P^^ are projections in H © Tidcfincd by 

1 cos^fcOfc+sinw^ai if (i/'fc, (A A S"^ ® A A B-^)V'fc)2 7^ 



where 



where 



where 



where 



2 a n ^ (V)fc,(^Ag-^eAAg-^)V)fc)2 

COS Wfc = rA\z{l - rB\z)rz ^(^x ^ g) 

= (^..(^ap4^ap^)^.)2 ^^^^'^^^^')^- 

{al,al)^ = 1 



if (V'fe,(AAPe^AB)V'fe)2 = 

co8w^f3l + sinwf if (V'fc, (A A S ® ^ A B)V'/c>2 



2 /3 (iPk,{AAB(SAAB)iJk)2 
cos a,, = r^izr-Bizrc ^^^^^ 

0k = -r, — 71 TT—^ „s , , (AaB® AAB)ii)i, 

{iPk,{AAB(B AAB)iPk)2^ ' 



PI ± 01&AAB®AAB 
{PlPl}^ = 1 



if (V'fc, (A-L A B © A P)V'fc)2 = 
cos 0)^7^ + sinu;;^7| if (i/'fe, (^"^ A P ® A"^ A B)V'fe)2 



27 n \ AB®^^ AP)V>fc)2 

cos = rs|z(l-rA|z)r-z ^^^x ^ 

= (^.,(^^APe^xAP)^.)2 (^"^^^^"^^)^- 

7fe ± 7fe € A B ® A B 

(7fc,7fe)' = 1 



5fc = 



if (Wfc,(A^ AB^©A^AB^Vfc)2) = 

cosu;^5^ + sin Wfe<5fc if (Vfe, (^^ A ® A B^)ipk}2 



2 5., ^ ,{iJk,{A^ AB^ ®A^ AB^)iJk)2 
cos Wfc = rz(l-rA|z-rs|z + r^|zrs|z)^ i ^(A-L A B-^) — 

= i^kAA^AB^^A^AB^)^.}. ^^^'^^^^^'^^^^^ 
Sl ± SleA^AB-^eA^A B^ 
{Sk,Sl)^ = 1 

Since ai, Pl^jl and Sl are unit vectors, a^, /3fe, 7fc, 5^ also are unit vectors in 7i©7i. The element 
C commutes with h{A) and h{B) because 



p 


< 


AAB-^ 


®AAB-^ 




< 


aabs 


) A A B 


P 


< 


A^ AB 


© AS 


P6. 


< 


A^ AB- 


^ © A P 
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So to show that C is indeed a common cause of the said type we just have to show that the 
following hold 

^'{C) = rc (37) 
AC) 



<^'(C) 
<!>' {h' {B) h C) 

<f)'[h'[B) AC^) 



= rA\c (38) 

= rB\c (39) 

= '^Aic^ (40) 

= '■sic-L (41) 



We show (|8|)-(|^) by showing first that the following hold 

<t>\h\A)AC) = rA\crc (42) 

0'(ft'(B) AC) = rs|cr-c (43) 

4>'{h'{A)AC^) = r^ic^rc^ (44) 

</>'(;i'(i3)AC^) = rsic^rc^ (45) 

which imply (||)-@ if 0'(C) = rc- 
We compute (j/Jh' {A) A C) first. 

<i>'{h{A)hC) = <?i'((;i'(A)A(P,VP;3) =0'(Pc.VP/5) =<?i'(P<.)+0'(P/3) 

where we have used the fact that Pa Pp P-y and Ps are pairwise orthogonal projections. We can 
compute (j)' [Pa) as follows 



(j>\Pa) = Tr{W'Pa) (gkl, WPaQkl)' 

fc = l 1 = 1 



fc=l i = l n=l 
oo dimCHSn) 

M^i,P^,Pc.,^i)2 = Tr2{P^,Pa,) 

oo oo 

= 'Y^\k\{ipk,ak)f = ^ AfcKi/jfe, costjfeQfe + sinixJfe 

*: = 1 k = l 

oo 

= ^ Afc[cost^"(i/)fe,afc) + sin uj^{ipk,al)] (46) 
fe=i 

The second term in ( ^6| ) is equal to zero because q:^±q| by definition, and in view of the definition 
of aj. and a| we can also write 

= {al,al)2 = {[AAB^®AAB^]i>k,al)2 



Since we have 



it follows that 



{tpk,ak)2 = 1 



2 a 
" <^k 



4>'{Pa)) = ^ ^k cos 
oo 



{iJk,{A/^B^ ®AAB^)^k)2 
rc 



fc=i 



OO 

r-A|c(l - "^Bicyc-Tj^^^Yl iAAB^®AA P^)Vfc)2 

fe=i 

rA|c(l - '^B\c)rcj^jj^^Y^ct>{A A B^) = rA|c(l - rB\c)rc 
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In a completely analogous way one obtains 

4>'{Pi3)) = rA\crB\crc 

And so 

<t>'{Pc,) + (l>'{Pf3)=rAicrc 
which is (|42[). A similar derivation shows that 

A C) = r-Bicrc 

which is (jisl). Since C commutes with both h{A) and h{B) we can write 

<t)'{h{A)AC^) = c^'{hiA))^<t)'{h{A)AC)^c^{A)~rAicrc^rAic^rc± 

<j,'{h{B)AC^) = c^'{hiB))~cb'{h{B)AC)=cb{B)~rBicrc = rs^c^rc^ 

which establishes (^) and (^). One can compute (j)'{P^) and <j}'(Ps) exactly the same way as (j>'{Pa) 
and (j)' [Pjj), and one obtains 

0'(C) = (/.'(Pc VP/3 VP^V Pi) =0'(Pc) +0'(P/3)+ <^'(P-y )+<?!'' (Pi) 

= rA\c{^ - rB\c)rc + rA\crB\crc + fs|c(l - ''a|c)''c 
+ rail -rA\c - rB\c + rA\crB\c) ^ rc 

which shows (||), which, together with proves (|3^-(|l|). 

5 Reichenbach's Common Cause Principle and common 
cause completeability 

Reichenbach 's Common Cause Principle is a non-trivial metaphysical claim about the causal structure 
of the physical world: if a direct causal influence between the probabilisticaly correlated events A 
and B is not possible, then there exists a (proper) common cause of the correlation (in Reichenbach's 
sense). There exist both classical and quantum probability spaces that contain correlations without 
containing proper common causes of the correlations; hence, if one wants to maintain Reichenbach's 
Common Cause Principle, one must be able to claim that there might exist "hidden" events ( "hidden" 
in the sense of not being accounted for in the common cause incomplete event structure) that can be 
interpreted as the common causes of the correlations. If such "hidden" common cause events exist, 
then there must exist an extension of the original probability space, an extension that accommodates 
the common causes. Propositions ^ and ^ tell us that such extensions are always possible. In 
other words. Propositions ^ and ^ show that a necessary condition for a common cause explanation 
of correlations in both classical and quantum event structures can always be satisfied. To put this 
negatively: one cannot disprove Reichenbach's Common Cause Principle by proving that the necessary 
condition (common casue completeability) for its validity cannot be satisfied. 

It is generally accepted that the Reichenbach conditions are just necessary conditions. If an event 
C must satisfy also some Supplementary Conditions (in addition to the Reichenbachian conditions) 
to qualify as a common cause, then a disproof of Reichenbach's Common Cause Principle requires 
establishing that there exists no event whatsoever that satisfies both the Reichenbachian conditions 
and the Supplementary Conditions. It goes without saying that such a disproof requires first the 
specification of the Supplementary Conditions. Propositions ^ and |^ impose strong restrictions on 
the possible mathematical specifications of the Supplementary Conditions: these conditions cannot be 
formulated in terms of the probabilities p(C), p{A\C), p{B\C), p(yljC^) and p(BjC"'"). This is because 
the assumptions in Propositions |^ and ^ contain no restrictions whatsoever on these probabilities - 
beyond the Reichenbach conditions. Therefore, the hypothetical Supplementary Conditions should 
be specified entirely in terms of the algebraic/logical structure of events. 

The conclusion that probability spaces are typically common cause completeable seems to con- 
tradict the received view concerning correlations predicted by quantum mechanics and quantum field 
theory. According to the standard interpretation an explanation of the quantum correlations by as- 
suming a direct causal infiuence between the correlated quantum events is excluded by the theory of 
relativity, and there cannot exist Reichenbachian common causes of the correlations either because, as 
the argument goes, the assumption of a common cause of correlations in Reichenbach's sense implies 
Bell's inequality (this view is present in , |l5j and and it has made its way into textbooks 
already (sec m)). 
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But there is no contradiction here at aU because the present paper's analysis differs from the 
standard interpretation. To see where the differences are, let us recall in the present paper's ter- 
minology and notation the standard argument in favor of the claim "existence of Reichenbachian 
common causes of correlations implies Bell's inequality" . Consider four pairs 

(Ai,B2);(Ai,B2);(A2,Bi);(^2,i32) 

of commuting events in ^'(TVf) that are correlated in the state (f>. Assume that there exists a common 
common cause C of the four correlations; i.e. assume that there exists a single C € V^M) that is a 
common cause (in the sense of the Definition ^) of all four correlated pairs. 

Using the notation (j){X\Y) = "^^^yP for commuting X^Y £ 'P{M) we can write then 



ci>{A.hB,\C) = cl>{A^\C)<i,{Bi\C) 

cj>{MAB,\C^) = cj>{A,\C^)cj>{B,\C^) ,-» = 19 (A7^ 

<l>{AiAB,) = <|,{Ai^Bj\C)(t>{C)+(t>{A^^B,\C^)(t){C^) ''^ ' 

= <?i(4.|C)0(B,jC)0(C) + <?i(4,lC^)0(B,|C^)0(C-L) 

The elementary inequality for numbers ai,bj G [0, 1] — 1,2) 

\aibi + aibj + Ojbi — ajbj\ < 2 (48) 

implies 

\<j}{Ai\C)(t>{Bi\C) + <j}{Ai\C)(t>{B2\C) + (t>{A2\C)<j}{Bi\C) - 0(A2|C)0(B2iC)l < 2 (49) 

Multiplying ( ^9| ) by (t>{C) and by (j>{C^), adding the two resulting inequalities and using (^^ we 
obtain 

10(^1 A Bi) + (t,){Ai A Bi) + (p{A2 A B2) - 0(^2 A £2)1 < 2 (50) 

The inequality (|^ is known as Bell's inequality, and it is known not to hold for every quantum state 
(/) that predicts correlation between four projections (see eg. jl^] and |^3). 

The crucial assumption in the above derivation of the inequality's C|) is that C is a common 
cause for all four correlated pairs; i.e. that C is a common common cause, shared by the different 
correlations. Without this assumption Bell's inequality cannot be derived. But there does not seem 
to be any obvious reason why common causes should also be common common causes, whether of 
quantum or of any other sort of correlations. In our interpretation of Reichenbach's notion of common 
cause there is nothing that would justify such an assumption; hence if such an assumption is made, 
it needs extra support. It should be mentioned that while the impossibility of (non-probabilistic) 
common common causes of the (non-probabilistic) GHZ correlations has been proved in the paper 
M, it remains open in that paper whether non-common common causes of the GHZ correlations exist. 



6 Open questions 

To decide whether a particular event structure is common cause incomplete does not seem to be 
a trivial matter. In a previous paper the problem was raised whether the event structure defined 
by (algebraic relativistic) quantum field theory is common cause incomplete, and this problem is 
still open (see and Q for a precise formulation of the question). It is even conceivable that the 
explicitly formulated axioms that define algebraic quantum field theory - and thereby the set of all 
events - are not strong enough to decide the issue, which, if true, would be especially interesting. 

It also is an open mathematical question whether one can have at all common cause closed prob- 
ability spaces, where "common cause closedness" of a probability space means that for every pair 
of correlated events there exists in that probability space a proper common cause of the correlation 
in Reichenbach's sense. It is important that common cause is meant a proper common cause. This 
qualification on non-triviality is necessary for it is not difficult to show (using standard tensor product 
procedures) that every quantum probability space can be enlarged in such a way that the enlarged 
quantum probability space is common cause closed in the improper, formal sense that for every cor- 
related pair {A, B) there exists at least one C < A,C ^ A such that 4'{C) = (f>{A) and such a C 
satisfies the Reichenbach conditions. 

Whether or not common cause closed probability spaces exist, it is not reasonable to expect a 
probabilistic physical theory to be common cause closed. This is because one does not expect to have 
a proper common cause explanation of probabilistic correlations that arise as a consequence of a direct 
physical influence between the correlated events, or which are due to some logical relations between 
the correlated events. One would want to have a common cause explanation of correlations only 
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between events that are neither directly causally related, nor do they stand in straightforward logical 
consequence relations to each other. Thus a precise notion of causal (in)dependence, different from 
the notion of the standard probabilistic independence (correlation) is needed. Perhaps the notion of 
"logical independence" (see the refs. |^,^] and [^) can be useful here. Two orthocomplemented 
sub-lattices L\ and L2 of an orthomodular lattice L are called logically independent if yl A B 7^ 
for any A £ d and B G €.2- This is an independence condition that obtains between spacelike 
separated local systems in the sense of (algebraic) quantum field theory; so this logical independence 
condition can be viewed as a lattice theoretic formulation of "separatedness" of certain events. It 
seems reasonable then to expect a probabilistic physical theory (£, /i) to be common cause closed 
with respect to the correlated elements in every two, logically independent, commuting sublattices 
£i,£2- It is not known if this is possible at all. 

As we have argued, quantum correlations cannot have a common common cause in general. This 
raises the question of whether classical correlations exist that cannot have a common common cause. 
Note that Bell's inequality is never violated in classical probability theory, so one cannot obtain an 
answer to this question by referring to the violation of Bell's inequality. What satisfaction of the Bell 
inequalities does guarante is the existence of a multi-valued (2"-valued, in case of n events) hidden 
parameter theory, while the Reichenbachian common common cause is equivalent to a two-valued 
hidden parameter theory. In this sense the behavior of correlations with respect to Bell's inequality 
is not a good indicator of (non)existence of common common causes. (That Bell's inequality is not 
a good indicator of (non) existence of common causes, is clear from Propositions ^ and ^) There 
exist classical probability spaces containing different pairs of events that are correlated with respect 
to a fixed probability measure and which cannot have a common common cause. (The proof of this 
assertion will be published elswhere.) 
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